Abstract. In this paper, we prove a conjecture of Kottwitz and Rapoport on a union of (generalized) affine Deligne-Lusztig varieties X(µ, b) K for any tamely ramified group G and its parahoric subgroup K. We show that X(µ, b) K = ∅ if and only if the grouptheoretic version of Mazur's inequality is satisfied. In the process, we obtain a generalization of Grothendieck's conjecture on the closure relation of σ-conjugacy classes of a twisted loop group.
Introduction 0.1. The motivation of this paper comes from the reduction of Shimura varieties with a parahoric level structure. On the special fiber, there are two important stratifications:
• Newton stratification, indexed by specific σ-conjugacy classes in the associated p-adic group G(L).
• Kottwitz-Rapoport stratification, indexed by specific double cosets in W K \W /W K , whereW is the Iwahori-Weyl group of G and W K is the Weyl group of the parahoric subgroup K.
A fundamental question is to determine which Kottwitz-Rapoport strata and which Newton strata are nonempty, in other words, to determine the double cosets of W K \W /W K and the subset of σ-conjugacy classes that appear in the reduction of Shimura varieties.
It consists of two parts: local theory and global theory. In this paper, we focus on local theory. 0.2. In [26] and [21] , Pappas and Zhu give a group-theoretic definition of "local models" of Shimura varieties and show that the subset of W KW /W K for the local model is the admissible set Adm K (µ) (defined in §1.5).
The next question is to describe the σ-conjugacy classes arises in the reduction of Shimura varieties. Based on some foundational relations between Newton strata, Kottwitz-Rapoport strata and affine DeligneLusztig varieties, we study the set X(µ, b) K , a union of generalized in [4] . The non-emptiness pattern for basic b and other parahoric subgroups can then be deduced from Iwahori case easily.
However, such information is not useful for the study of X(µ, b) K . The reason is that for b basic, it is very easy to determine whether X(µ, b) K is empty (by checking the image under Kottwitz map) and for other b, and non-special parahoric subgroup K, very little is known about the non-emptiness pattern for a single affine Deligne-Lusztig variety. 0.5. Now we discuss the strategy of the proof of Theorem A. Our starting point is the map Ψ : B(W , σ) → B(G), the map from the set of σ-conjugacy classes ofW to the set of σ-conjugacy classes of G(L), induced by the natural inclusionW → G(L).
It is showed in [10] that • Ψ is surjective.
• Each fiber is a union of finitely many σ-conjugacy classes ofW .
• There exists a natural section of Ψ given by the straight σ-conjugacy classes ofW .
On the set of straight σ-conjugacy classes ofW , there is a natural partial order σ (defined in §3.2). On B(G), there are two partial orders, given by the closure relation between the σ-conjugacy classes and given by the dominance order of the corresponding Newton polygons. A generalization of Grothendieck conjecture says that the two partial orders on B(G) coincide. We prove in Theorem 3.1 that Theorem B. For any twisted loop group, the partial order σ on the set of straight σ-conjugacy classes coincides with both partial orders on B(G) via the map Ψ : B(W , σ) → B(G). In particular, the two partial orders on B(G) coincide.
The proof is based on the reductive method in [10] à la Deligne and Lusztig, some remarkable combinatorial properties onW established in [11] and the Grothendieck conjecture for split groups proved by Viehmann in [24] .
In fact, the original Grothendieck conjecture and the theorem in [24] is about the closure relation between the Newton strata with hyperspecial level structure, not the closure relation between the σ-conjugacy classes. However, the µ-ordinary locus (i.e., the maximal Newton strata with respect to the dominance order) is not dense with other parahoric level structures for the quasi-split unramified groups, I don't know the right formulation for the generalization of Grothendieck's conjecture on Newton strata for general twisted loop groups.
Using a similar argument as in the proof of Theorem B, the latter condition is equivalent to [b] ∈ Ψ(Adm K (µ)).
Notice that Mazur's inequality is defined using the dominance order on the Newton polygons. For quasi-split groups, it is easy to see that µ is the unique maximal element in B(G, µ) with respect to the dominance order. Thus the converse to Mazur's inequality follows from the coincides between the partial order σ on the set of straight σ-conjugacy classes and the dominance order on the Newton polygons.
For non quasi-split groups, the maximal element in B(G, µ) is harder to understand and we use [12] on the properties of these elements.
The proof of Mazur's inequality is based on two properties of the admissible sets:
• The additivity of the admissible sets (Theorem 5.1), proved by Zhu's global Schubert varieties [26] .
• The compatibility of admissible sets (Theorem 6.1), proved by the "partial conjugation method" in [8] .
1. Preliminaries 1.1. Let F q be the finite field with q elements. Let k be an algebraic closure of F q . Let F be a finite field extension of Q p with residue class field F q and uniformizer ε or F = F q ((ǫ)) be the field of Laurent series over F q . Let L be the completion of the maximal unramified extension of F . Let G be a connected semisimple group over F which splits over a tamely ramified extension of F . Let σ be the Frobenius automorphism of L/F . We also denote the induced automorphism on G(L) by σ.
Let S be a maximal L-split torus that is defined over F and let T be its centralizer. Since G is quasi-split over L, T is a maximal torus. Let N be its normalizer. The finite Weyl group associated to S is
The Iwahori-Weyl group associated to S is
where T (L) 1 denotes the unique Iwahori subgroup of T (L). The Frobenius morphism σ induces an action onW , which we still denote by σ.
For any w ∈W , we choose a representative in N(L) and also write it as w.
Let
A be the apartment of G L corresponding to S. Let a be a σ-invariant alcove in A and I the corresponding Iwahori subgroup. Let S be the set of simple reflections ofW . The setS is equipped with an action of σ. For any J ⊂S, let W J ⊂W be the subgroup generated by the simple reflections in J and by JW (resp.W J ) the set of minimal length elements for the cosets W J \W (resp.W /W J ). We simply write JW J ′ for JW ∩W J ′ . We follow [5] . Let Γ F = Gal(L/F ) be the absolute Galois group of F and Γ = Gal(L/L) the inertia group. The Iwahori-Weyl groupW contains the affine Weyl group W a as a normal subgroup and we have a short exact sequence
where π 1 (G) denotes algebraic fundamental group of G and π 1 (G) Γ its coinvariants under the action of σ. The choice of the alcove a splits this extension, andW
where Ω is the normalizer of a, and is isomorphic to π 1 (G) Γ . The length function and Bruhat order on W a extend in a natural way toW . We have another exact sequence
We choose a special vertex of a and representW as a semidirect product
be the set of σ-conjugacy classes. The classification of the σ-conjugacy classes is obtained by Kottwitz in [14] and [15] . The description is as follows.
Let 
1.4. Write σ as σ = τ • σ 0 , where σ 0 is a diagram automorphism of G(L) such that σ 0 fixesS−S and the induced action of τ on the adjoint group G ad is inner.
For ν, ν ′ ∈ X * (T ) + Q , we write ν ν ′ if ν ′ −ν is a non-negative Q-linear combination of positive relative coroots. This is called the dominance order on X * (T )
+ , we set
where N is the order of
be the set of (neutral) acceptable elements for µ.
The µ-admissible set is defined as
where µ is the image of µ in X * (T ) Γ . More generally, let J ⊂S such that σ(J) = J and W J is finite. The µ-admissible set associated to J is [17, (3.6) ].
It is the inverse image under the natural mapW
1.6. Let J ⊂S such that σ(J) = J and W J is finite. Let P J ⊃ I be the standard parahoric subgroup corresponding to J. For any
In this paper, we are mainly interested in the following finite union of affine Deligne-Lusztig varieties:
where
The main result of this paper is
2.1. We first recall the definition of straight elements ofW . Let w ∈W . Then there exists a positive integer n such that (wσ) n = t λ ∈W ⋊ σ for some λ ∈ X * (T ) Γ . Let ν w,σ = λ/n andν w,σ be the unique dominant element in the W 0 -orbit of ν w,σ . It is known thatν w,σ is independent of the choice of n and is Γ-invariant.
We say that an element w is σ-straight ℓ(w) = ν w,σ , 2ρ , where ρ is the half sum of all positive roots in the root system of the affine Weyl group W a . This is equivalent to ℓ((wσ) n ) = nℓ(w), where we regard wσ as an element inW ⋊ σ . A σ-conjugacy class ofW is called straight if it contains a σ-straight element.
2.2. Let B(W , σ) be the set of σ-conjugacy classes ofW and B(W , σ) str be the set of straight σ-conjugacy classes ofW . Following [10] , there exists a commutative diagram
where Ψ :
By [10, §3] , the restriction of Ψ to B(W , σ) str is a bijection. For any straight σ-conjugacy class O ofW , we denote by [O] the corresponding σ-conjugacy class in G(L). We also set ν O =ν w,σ for any w ∈ O. The main result of this section is the following simple criterion of the non-emptiness criterion for "closed" affine Deligne-Lusztig varieties in affine flag varieties.
To prove this theorem, we combine the method for the finite case [8, Proposition 5.8] and [9, Proposition 2.5], with the reduction method [10, Section 3] . The proof will be given in §2.7.
For w, w
′ ∈W and s ∈S, we write w
It is easy to see that
. For any σ-conjugacy class inW , we denote by O min the set of minimal length elements in O. Now we recall some properties on the minimal length elements, obtained in [11, §2] . [10, §3] . Now we recollect some results that will be used here.
(
(4) Let J ⊂S with W J finite, and x ∈W with x ∈ JW σ(J) and We include the proof here for completeness.
Proof. It suffices to prove the case where w ′ = swσ(s) for some s ∈S. Let x ∈ O min with x w ′ . If w > w ′ , then x < w and hence O σ w. Now we assume that ℓ(w) = ℓ(w ′ ). Without loss of generalization, we may assume that sw < w and wσ(s) > w. 2.7. Now we prove Theorem 2.1.
We argue by induction on ℓ(w).
If w is of minimal length in its σ-conjugacy class, then by Theorem 2.2 (2), then there exists J ⊂S with W J finite, x ∈W be an σ-straight element with x ∈ JW σ(J) and xσ(J) = J, and u ∈ W J such that w ≈ σ ux. Let O x be the σ-conjugacy class of x. Then O x σ ux. By Proposition 2.4, O x σ w. By §2.5 (1), (3) & (4),
If w is not of minimal length in its σ-conjugacy class, then by Theorem 2.2 (1), there exists w ′ ∈W with w ≈ σ w ′ and s ∈S with
By induction hypothesis on sw ′ and sw
The statement is proved.
The following special case of Theorem 2.1 is useful in this paper.
Proof. By definition, X(µ, b) J = ∅ if and only if
Notice that Adm
J (µ) is of the form ∪ i {w ∈W ; w x i } for finitely many x i 's. The statement follows from Theorem 2.1.
3. Three partial orders 3.1. In this section, we assume that F = q ((ǫ)). Recall the commutative diagram in §2.2 (a):
We will introduce partial orders on these sets and show that these partial orders are compatible.
Let
Following Grothendieck, we introduce admissible subscheme of G(L) and show that each σ-conjugacy class of G(L) is a locally closed admissible subscheme of G(L) (see Appendix). The closure relation between the σ-conjugacy classes of G(L) gives a partial order on B(G).
The main result of this section is (
Proof. We first prove (1) ⇔ (2). Let w ′ be a σ-straight element of O ′ . Then
Here the first equality follows from §2.5 (3), the second equality follows from Theorem A.7, the third equality follows from Theorem 2.1 and Corollary 2.8 and the last equality follows from §3.2.
. Moreover, w and w ′ are σ-straight elements. So for any n, ℓ((wσ) 2 The statement in [6] is about Shimura varieties. However, the argument still holds for quasi-split unramified loop groups.
Converse to Mazur's inequality
Proposition 4.1. Let µ ∈ X * (T )
+ and O be a straight σ-conjugacy
Proof. By [12] , the set {ν O ; κ(O) = µ ♯ , ν O µ ⋄ } contains a unique maximal element ν and there exists x ∈ Adm(µ) withν x = ν.
Let O be a straight σ-conjugacy class O ofW with κ(O) = µ ♯ and ν O µ ⋄ . Then ν O ν. By Theorem 3.1 and Corollary 2.6, ν O µ ⋄ , O σ x. In other words, there exists w ∈ O min such that w x. Since Adm(µ) is closed under the Bruhat order, w ∈ Adm(µ). Now we prove the converse to Mazur's inequality.
Mazur's inequality: Iwahori case
To prove Mazur's inequality in the Iwahori case, we need the following additivity property of admissible sets due to Xinwen Zhu [27] .
Proof. We first show that Adm(µ + µ
). In other words, there exists a reduced expression of t x(µ+µ ′ ) consisting of two parts, the first part is a reduced expression of t x(µ) and the second part is a reduced expression of t x(µ ′ ) . Hence there exists z 1 t x(µ) ∈ Adm(µ) and z 2 t x(µ ′ ) ∈ Adm(µ ′ ) such that z = z 1 z 2 . The proof of the other direction Adm(µ) Adm(µ ′ ) ⊂ Adm(µ + µ ′ ) is based on the theory of global Schubert varieties of Zhu [26] . We first recall the definition.
Let L =¯ q ((ǫ)) and G be a connected reductive group over L, split over a tamely ramified extension, and with Iwahori-Weyl groupW . Let G be the Iwahori group scheme over O L . The element µ ∈ X * (T ) defines a section s µ of the global affine Grassmannian Gr G as in [26, Proposition 3.4] . The global Schubert variety Gr G,µ is the schemetheoretic closure of the L + G · s µ in Gr G , where L + G is the positive loop group. It is a scheme over O F . One of the main result of [26] is that the special fiber of Gr G,µ is isomorphic to ⊔ w∈Adm(µ) IwI/I. Now we take the convolution product of Gr G,µ with Gr G,µ as in [26, §6] . By definition, the special fiber of the convolution product is isomorphic to ∪ w∈Adm(µ),w ′ ∈Adm(µ ′ ) IwIw ′ I/I ⊃ ∪ z∈Adm(µ) Adm(µ ′ ) IzI/I. On the other hand, it is proved in [26, §6] that the special fiber is isomorphic to
Now we prove Mazur's inequality in the Iwahori case.
Proof. Recall that σ = τ • σ 0 , where σ 0 is a diagram automorphism of G(L) such that σ 0 fixesS−S and the induced action of τ on the adjoint group G ad is inner. For any λ ∈ X * (T )
By Theorem 2.1, X(µ, b) ∅ = ∅ implies that w ∈ [b] for some w ∈ Adm(µ). Let n 0 be the order of σ in Aut(W ) and n = n 0 ♯(W 0 ). We regard wσ as an element inW ⋊ σ . Then (wσ) n 0 ∈W and (wσ) n = t λ for some λ ∈ X * (T ). By definition, λ lies in the W 0 -orbit of nν O . On the other hand,
6. Mazur's inequality: General case 6.1. To pass from Iwahori case to the general case, we need part (2) of Theorem 1.1. There are two key ingredients in the proof. 6.2. We discuss §6.1(a) first. The stratification is established in [9, §2] and [2, §3] , generalizing Lusztig's G-stable piece decomposition for the finite case.
Let J = σ(J) ⊂S with W J finite. For any w ∈ JW , we consider the subset
where w ′ runs over elements in JW such that there exists x ∈ W J with xwσ(x)
Then we discuss the following compatibility result on the sets JW ∩ Adm J (µ).
Proof. Let Φ be the relative root system and Φ a be the affine root system, which is a set of affine functions on V = X * (S) ⊗ R of the form β + r for β ∈ Φ and r ∈ R.
We first show that (a) w max(t λ W J ) for some λ ∈ W 0 · µ with t λ ∈ JW . For w ∈ JW , we set I(J, w) = max{K ⊂ J; y(K) = K}. By [8, Corollary 2.6], t γ is conjugate by an element in W J to an element z = xw 1 , where w 1 ∈ JW and x ∈ W I(J,w 1 ) . Since z is conjugate to t γ , it is of the form t λ for some λ ∈ W 0 · µ. Let Φ 1 be the root system associated to I(J, w 1 ). By definition, for any α ∈ Φ I(J,w 1 ) , t λ (α) ∈ Φ 1 . Therefore t λ (α) − α = λ, α is in the root lattice of Φ 1 . However, any nonzero r ∈ Φ a is not spanned by K for any K ⊂S with W K finite. Hence λ, α = 0 and t λ (α) = α for all α ∈ Φ I(J,w 1 ) . In particular, t λ ∈ I(J,w 1 )W . Since w 1 ∈ I(J,w 1 )W and t λ ∈ W I(J,w 1 ) w 1 , we must have x = 1.
(a) is proved. We may write max(t λ W J ) as ab, where a ∈ W J and b ∈ JW . Since t λ ∈ JW , b = t λ y for some y ∈ W J with ℓ(t λ y) = ℓ(t λ ) + ℓ(y). If y = 1, then s i y < y for some i ∈ J. Since t λ ∈ JW , t −λ ∈W J . Hence t −λ (α i ) = α i − λ, α is a positive affine root. Hence λ, α 0. If λ, α < 0, then t λ (α i ) is a negative affine root and t λ s i < t λ , which contradicts the fact that ℓ(t λ y) = ℓ(t λ ) + ℓ(y). If λ, α = 0, then
, which contradicts the fact that t λ y ∈ JW . Therefore y = 1 and w t λ .
6.3. We prove Theorem 1.1 (2) . For any J ⊂S with σ(J) = J and W J finite,
By §6.2 and Theorem 6.1
6.4. Now we prove Mazur's inequality for J.
If
Appendix A. Admissibility A.1. In the appendix, we assume that F = q ((ǫ)). We first recall the Moy-Prasad filtration [19] .
Let v be a generic point in the base alcove a. For any r 0, let I r be the subgroup of I generated by a suitable subgroup of T (L) 1 and U φ , where φ runs over all the affine roots with φ(v) r. By definition, if x ∈W with ℓ(x) < r, then hI r h −1 ⊂ I r−ℓ(x) ⊂ I for any h ∈ IxI.
is stable under the right action of I r . This is equivalent to say that for any w ∈W , there exists r ′ 0 such that V ∩ IwI is stable under the right action of I r ′ .
An admissible subset V of G(L) is a locally closed subscheme if for any w ∈W and r 0 such that ∪ w ′ w (V ∩ Iw ′ I) is stable under the right action of I r , ∪ w ′ w (V ∩ Iw ′ I)/I r is a locally closed subscheme of IwI/I r = ∪ w ′ w Iw ′ I/I r ⊂ G(L)/I r . We define the closure of a locally closed subscheme V in G as follows. Let w ∈W . Let r 0 such that ∪ w ′ w (V ∩ Iw ′ I) is stable under the right action of I r . Let V w be the inverse image under the projection
it is easy to see that V w is independent of the choice of r. Moreover, if w
Remark A.2. For split groups, this is first proved by Hartl and Viehmann in [7] .
The proof will be given in §A.3. We begin with several lemmas on the σ-conjugation action, which are stronger than §2.5 (1), (2) Proof. It suffices to consider the case where y = sxσ(s) for some s ∈S.
We may assume without loss of generality that sx < x and xσ(s) > x. Any element g ∈ IxI can be written as g = hg 1 , where h ∈ IsI and and xσ(J) = J. Then for any g ∈ IuxI, there exists
This follows from Lang's theorem. See [10, Proof of Lemma 3.2].
Proposition A.6. Let x, y ∈W . Then there exists n ∈ N such that for any g ∈ G(L) · σ IxI ∩ IyI, h −1 gσ(h) ∈ IxI for some h ∈ IzI with ℓ(z) < n.
Proof. By Theorem 2.1 and §2.5 (3), G(L) · σ IxI is a finite union of σ-conjugacy classes of G(L) and each σ-conjugacy class of G(L) is of the form G(L) · σ IwI for a σ-straight element w ofW . Hence it suffices to prove the case where x is σ-straight.
We argue by induction on y. This is a proper map. Hence the image is closed in G(L)/I and is the closure of the image of (∪ z∈W ,ℓ(z)<n IzI) × In IwI/I n . Therefore V ′ ∩ IxI is closed and is the closure of V ∩ IxI. In other words, V x = V ′ ∩ IxI. Hence
